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Abstract

In an observational learning environment, the public belief \; forms a martingale
and converges almost surely to a limit belief Aso. If {\;}1en is not uniformly bounded,

we invent a method to show that \; doesn’t converge to Ao in L' or in mean.

1 Introduction

Learning through observation of actions plays a crucial role in daily life and economics
activities, and is studied by a large literature. A widely used argument in this literature is
the martingale argument introduced in Smith and Sgrensen| (2000). Let A; be the posterior
belief formed by the society after observing t — 1 actions. As more and more actions being
observed, the sequence of posterior beliefs forms a positive martingale. Positive martingale
converges almost surely to a limit variable with finite support. Then one can conclude that
the posterior belief must converge after observing enough actions, and learning is obtained
in this sense.

An unanswered question in the literature is: could we prove \; converges in other sense,
like in L' or in mean? This question has both a theoretical and a practical motivation.
Theoretically, since \; is a martingale, E[\{] = E[\] for any finite ¢. It is natural to ask
whether E[\] = E[\]. Practically, in solving an observational learning model, one often
finds that the public belief converges to two sets. For example, the public belief can either
converge to the point where everyone completely learns, or to the point where the action
provides no more information (confounded learning point). Convergence in mean will enable

one to compute the probability of posterior belief converges to each set. Also, convergence



in L' restricts the behavior of )\, by forcing it not leaving Ao too far and too fast before
converges back.

In this paper, we provide a negative answer to above question. Based on a simpli-
fied version of the classic model in Smith and Sgrensen (2000), we show that the public
belief process \; doesn’t converge to Ao in L' and in mean provided that {\;}y is not uni-
formly bounded. Our proof explores the power of Dunford-Pettis theorem to prove that
non-uniformly bounded {\;};en is not uniformly integrable, and is general enough to be
applied in other models. We also provide a result which can establish L' convergence from
convergence in probability, see Proposition

In the rest of the introduction, we briefly describe the model, explain the intuition, and
briefly summarize the proof strategy.

We consider a standard observational learning model with two underlying states A and
B. With probability p, the player at period ¢ would like to take an action matches the
underlying state; with the rest probability, player ¢t would like to mismatch the state. Let
A = % be the posterior belief conditioned on first ¢t — 1 actions. Using the
standard argument we can show )\; is a martingale and converges to A\, almost surely. We
assume the private signal is of unbounded strength. The support of A\, consists of the
full learning point {0} and the confounding learning points \* € K, where \* € K solves
Pr(a|B, \*) = Pr(a|A, \*).

If {\}ien is not uniformly bounded, \; increases on a sequence of shrinking sets. For
example, let a be a sequence of actions such that A\;(«) increase to infinity. Let E; be the
set such that first ¢ actions agrees with first ¢ actions in «, then \; increases to infinity along
the decreasing sequence of sets F;. This reminds us a classic example where a sequence of

functions converges a.s. but not in L! to a limit:

0, if z € [+,1);

n, if z € (0,1).

fa(z) =

Here f,, converges to 0 point-wisely but not in L' and in mean. The failure of L' convergence
and mean convergence is due to that f, increases rapidly on a sequence of shrinking sets.
The public belief martingale \; meets the same problem. It also increases fast enough on a
shrinking sequence of sets which shrinks comparatively slow.

To prove the theorem, We use the Dunford-Pettis theorem to show J); is not uniformly

integrable. See Theorem Then we explore the equivalence of L' convergence, convergence



in mean, and uniformly integrability of a martingale, see Theorem [15]

To our best of knowledge, there is no other literature discussing the convergence property
of public beliefs in observational learning model.

The paper is organized as following: in section 2 we give a detailed description of the
model; in section 3 we solve the model using standard martingale argument and state our

main result; in section 4 we prove our main result.

2 Model

We work with a simplified version of the classic model with unbounded private signal as in
Smith and Sgrensen| (2000)).

We assume two underlying states A and B, and without loss of generality further assume
the true underlying state is A. Time is discrete, that is, ¢ € N. In each period t, there is
a player t who chooses between actions a and b. With probability p, player t is of type M,

whose payoff is given as:

state A state B
action a u 0
action b 0 1

A type M player is a player who receives positive payoff from choosing the action that
matches the state. With probability 1 — p, player ¢ is of type DM, whose payoff is given as:

state A state B
action a 0 1

action b v 0

A type DM player is a player who receives positive payoff from choosing the action that
mismatches the state. We assume u # v # 1.

Below we provide a detailed description of the model with the primary purpose of intro-
ducing notations. Readers who are familiar with standard herding model can omit it.

As standard in the literature, player ¢ observes actions of player 1 through player ¢ — 1.
Such a sequence of actions is denoted by {«, ..., a;_1}, and is referred as the public history
hy at period t. Player t also observes a private signal s; which is generated from a state-
dependent distribution. So player ¢’s information set before taking an action is given by
{ai,..., 41,8 }. Before observing the public history and the private signal, each player

¢ holds a flat prior of underlying states, that is, Pr(A|0) = Pr(B|0) = ;. Following the
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literature, a player’s private signal is identified with one’s posterior belief of state being A only
after observing the private signal. With a slight abuse of notation, the above assumption is
s; = Pr(A|s;). With underlying state being state € {A, B}, s; is i.i.d drawn from distribution
Fstate(g). We assume the private signal strength is unbounded, that is, supp(Fs'(s)) =
(0,1). To guarantee no private signal fully reveals the underlying state, we assume that

FA(s) and FB(s) are mutually absolutely continuous.

3 Description of Public Belief Process )\,

In this section we define the public belief process A; and establish that \; converges almost
surely to a finite limit variable. The argument used is the standard martingale argument
first introduced in Smith and Sgrensen| (2000)). Readers who are familiar with the standard
martingale argument can jump to Theorem [I], which is the main theorem of this paper.

The public belief at period ¢

Pr(Blay, ..., 1)

A =
T Pr(Alog, ... o)

(1)

is the posterior likelihood ratio after observing the public history up to period ¢. Such public
belief is the same across any player acts in or after period t¢.

Using Bayes’ formula, we see

Pr(Bloy,...,ai9) Pr(ay_1|B,ay, ..., 2)

A
! Pr(Alag,...,cp 2) Pr(oy_1|A 0, ..., 0q_9)
_ )\t_l Pr(at—1|B7a17 s 7at—2)' (2)
Pr(ay_1|A, a1, ..., a4_2)
Therefore, \; can be inductively defined once we know Pr(ay_i|state,aq, ..., a;_3). From
now on, we write hy_; for {ay,..., a2} in order to simplify notations.

By total probability formula,

Pr(ay_4|state, hy_1) = Z Pr(ay_q|state, hy_1, type; = i) Pr(type, = i|state, hy_1).  (3)
i€M,DM

By assumption we have Pr(type; = M |state, hy_1) = p.



Player t — 1’s posterior belief

Pr(B|hi_1,51-1)  Pr(Blhy_1) Pr(s;1|B) ) 1— 844
pr— —_ _1 .

Pr(Alhi1,501)  Pr(Alh_1) Pr(s,1|A) "7 s
Therefore, if player t—1 is of type M, he/she will choose action a if and only if s, 1 > Afj:}ru
If player t—1 is of type DM, he/she will choose action a if and only if s;_; < /\t’\_t;_lw Substitute
into [4] we have

Pr(a;—y = alstate, hy_1) = p[1 — Fsmte(L)] +(1-— QU)FS'S‘”E(L : (4)
)\t,1 +u )\t,1 +v

By the flat prior assumption, Ay = 1. Therefore, public belief \; can be computed inductively
using formulas [2] and [4]
It is not hard to observe that

PI‘(O{tlB, ht)
PI‘(Oét|A, ht)

Pr(oy|B, hy)
— B E Y A h
Ara ot Pr(a¢|A, ht) PralA, hy)]

= A\ (5)

EN|hi] = E[Mo I

Therefore, we conclude that public belief process {\; }1en is a martingale.

Let us pause here to describe the underlying probability space on which {\;}ien is de-
fined. The probability space can be thought as either a space of actions (RN, RN, u4),
or a space of signals and types (Q,3,P). A generic element in RN is denoted as a =
(1,9, ...,04,...), where o is action taken at period ¢. A generic element in €2 is denotes
as w = (wy,ws,...,w,...). Here w; = (84, type;) specifies the private signal and the type of
player t. In short,

Q =1Iien(0,1) x {M,DM}.

The o-field 3 and probability P is defined through the standard procedure of taking product
of infinite copies of probability spaces. For any S € RY, p4(S) = P{w € Q)a(w) € S}).
Here a(w) is the realized sequence of actions along w.

The martingale convergence theorem (see Theorem 11.5 in Williams (1991))) asserts that
a non-negative martingale converges almost surely to a limit random variable with a finite
support. Hence

At = Ao Q.S



where supp(Aso) < +00.
The primary conclusion of this paper is that \; doesn’t converge to A\, in mean and in

L' generically. We state the result here, and give the intuition and proof in next section.

Theorem 1 With )\, defined as in |1, \y — Ao almost surely. But if up — v(1 — p) # 0,
fA1) > 0, and {\ }1en is not uniformly bounded, then N\, doesn’t converge in mean or in L.
That 1s,

lim E[\] # E[lim )\,

t—o0 T—00

lim E[|A; — Awl] # 0.
t—o00

We conclude this section by proving that supp(A) is generically a bounded set in R,
which will be used in the proof of the main theorem. Following theorem B.2 in Smith and
Serensen| (2000), A € supp(As) if and only if A = )\%. Therefore, supp(As) consists of
{0, K} where A* € K solves

Pr(a|B,\*) = Pr(alA, \").

Substitute [4] into above equation, we obtain that A* solves

A, A A, A B, A B, A\ _
L= PAGE— )]+ (L= p)PA ) — bl = FP ()] = (L= p) PP (2 = 0. (0
We further compute that

d
W(Pr(ah‘l, \*) — Pr(a|B, \"))
A U A* v
g, A U g, A v
o/ ()\*+u>()\*+u)2_(1_p)f (A*+v>(A*+v)2'

We have

lim (A*)Qdd (Pr(alA, A") = Pr(a] B, X)) = (up — v(1 = p))(f7(1) = f(1)).

A*—r+00 ?
If f4(1) > 0, by lemma A.1 in|Smith and Sgrensen| (2000) we have fZ(1)— f4(1) < 0. Hence,
for generic (p, u,v) satisfying up—v(1—p) # 0, limy-_ 1o (A*)? % (Pr(a| A, A*) — Pr(a| B, \*))
is either strictly positive or strictly negative. By continuity, -% (Pr(a|A4, \*) — Pr(a|B, \*))

is strictly positive or strictly negative, for any A* bigger than a constant M (p,u,v). Also,
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Pr(a|B, +o0) = Pr(alA, +00). Thus no A* > M (p,u,v) can solve Pr(a|B, \*) = Pr(a|A, \*).
In other words, supp(As) < M(p, u,v).

To summarize, we have

Lemma 2 If up —v(1 —p) # 0 and fA(1) > 0, then supp(As) is a bounded set in R.

Lastly, although the confounded learning point A* may not exist for all parameters (p, u, v).
On the other hand, it is not hard to find examples where confounded learning point exists.
Let FB(s) = 2s — 5%, FA4(s) = s, then for any (p,u,v) satisfying

U P u v
mln{v,u} T max{v,u},

we have \* exists.

4 Main Result

A classic example of a sequence of functions which converge almost surely but fail to converge

in L' and in mean on a probability space is:

if 1)
fufwy = 4 Tl )

n, if z € (0, 1).

The underlying probability space is (0, 1) equipped with ordinary Borel field and Lebesgue
measure. We check that f,, — 0 but

ILm Elf,)=1# E[h_)m fal = 0.

From this example we can clearly see the problem of being almost surely converge but fail
to converge in mean. Despite that f,, converges to 0 on a larger and large portion of (0, 1),
it rapidly increases on a shrinking sequence of sets. When the function values increases too
fast, convergence in mean fails.

The problem described in example [7| explains the intuition why \; fails to converge to
Ao in mean. After sketching the evolution of \;, we do see that ); increases on a shrinking
sequence of sets. Whether \; converges in mean, depends on how fast the sequence of sets

shrinks, and how fast ); increases.



We first gives out a result which can be used to establish convergence in L! from conver-

gence in probability.

Proposition 3 Let (B, B,v) be a probability space, let { X, }nen be a sequence of r.v. defined
on B with E[|X,|] < +oo for every n. If there exists a bounded r.v. Xo (|Xo| < M for
some M > 0) such that X,, converges to X, in probability, then X,, converges to X, in Lt
provided that

3C > M, s.t. lim | X, |dv = 0.
n=+00 Jipe B|| X, |>C}

To prove theorem |1, we combine two powerful results in mathematics. The first result
(see Theorem establishes the equivalence of convergence in mean, in L' and uniform
integrability of a martingale. The second result (see Theorem 3 in Diestel (1991)) establishes
that a sequence of random variables (not necessarily martingales) being uniformly integrable
is equivalent to a certain induced finitely additive signed measure being countably additive
and positive. Then we show the induced measure is not countably additive.

To start the proof, we first give the necessary definitions and notations.

Let (B,B,v) be a generic probability space. Let L'(B) be the normed space consists
of functions f : B — R with L' norm | f|; = [;|f|dv. Let L*(B) be the normed space
consists of functions f : B — R with L>® norm || f||s = inf{z|v({b € B|f(b) > z}) = 0}.
Let ba(B) be the normed space with generic element m be a bounded signed finitely additive

measure on B, with norm ||m|| = supgeg [, |m(E)|dv.

Definition 4 Let { X, }ren be a sequence of random variables on B, { X, }nen is uniformly

integrable if

lim Xpdv — 0 (8)

M=o Jix,1>M
uniformly in n.

Let L'(B)* denotes the dual space of L'(B), let L>°(B)* denotes the dual space of L>(B).

Following the standard theory in functional analysis, we have

Lemma 5 L!(B)* = L®(B) and L>(B)* = ba(B). For a generic g € L>°(B),

o(f) = /B ofdv N € I(B).



For a generic m € ba(B),
m(g) = / gdm,Vg € L>(B).
B

For details about lemma [5], and spaces L(B), L=(B), ba(B), see 111.7 and IV.8 in [Dunford
and Schwartz (1957)).

An immediate corollary of lemma 5 is

Corollary 6 L'(B)k is isometrically embedded in ba(B).

The following Dunford-Pettis theorem states a sufficient and necessary condition for a

sequence of r.v. {X, },en being uniformly integrable.

Theorem 7 (Dunford-Pettis) Let {X,}nen C L'(B) C ba(B), then {X,}nen is uniformly
integrable if and only if

e XKtnen = {Xutnew = 1 € L'(B). (9)

Here the weak-star closure in[J]is taken in ba(B). For statement and proof of theorem [7] see
pg4b-pgh0 in Diestel (1991)).

Let us view {\;}ien as a martingale defined on (2, X, P). Obviously {\;}en C L*(9).
From now on, we reserve p for elements in mwk* — { At hen-

By Dunford-Pettis theorem , {M\¢}ten is uniformly integrable iff there exists g € L*(€2)
such that u(E) = [,gdP, VE € . Then p must be countably additive on (£2,%,P).
Following results from lemma [§| to theorem [14] show that p cannot be countably additive.

To start, we need a result to describe the p.

Lemma 8 If p € {M\}ien g {AMihten C ba(RY), then VE € X, Ve > 0, there exists a

subsequence ty(E, €) such that
u(E) — / N dP] < e
E

Proof. Let yg be the indicator function of £ € 3. By definition of weak-star closure,

Ve > 0, there exists a subsequence t; such that

|/XEd,u—/)\tkd]P’| < €.
Q Q

Following two lemmas can be proved directly.



Lemma 9 p is positive, that is, VE € &, u(E) > 0.

Proof. Using lemma[§] VE € ¥, Ve > 0, 3t such that

w(E) > / A dP — €.
E

The result follows because A\, > 0. =

Lemma 10 p is P-continuous, that is, if VE € ¥ such that P(E) = 0, then u(E) = 0.

Proof. Using lemma [§, VE € X,Ve > 0, 3t such that

/)\tkd]P’—e < u(PF) < / A, dP + €.
E E

If P(E) =0, then [, A, dP = 0. Then the result follows. m
It is well known that a finitely additive measure u is countably additive if and only if p
is continuous at empty set. See Exercise 2.8 in |Royden and Fitzpatrick| (2010). Following

lemma rigorously states this fact.

Lemma 11 Let v be a finitely additive measure on a measurable space (B,B). Then v is

countably additive if and only if VB, € B satisfying
(] Bl DB2BnDBn+1 D) ey

b mnEN Bn = Q)"
We have lim,, ., v(B,) = 0.

For notation abbreviation, we will write B,, | (0 for the sequence of sets as described in
lemma, [111

Proof. Let {E,},en be a disjoint countable sequence of sets. Define B,, = |J,~,, Ex. Then
B, | 0. Then we have B

i
L

V(UneNEn) = v(E,) +v(By)

B
Il

for any n due to finite additivity of v. Then

o
nGNE E V
k=1
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if and only if lim,, o, ¥(B,) =0. =
Using lemma 3, we can easily obtain a proposition which describe an if and only if

condition for p being countably additive.

Proposition 12 p is countably additive if and only if VB, | B with P(B) = 0, we have
lim,, o0 p(B,,) = 0.
Proof. For any B, | B with P(B) = 0, there is associated sequence B, =B, — B such that
B, | 0. That p is countably additive if and only if lim,,_, (B,) = 0, which is equivalent to
lim,,, (u(B,) — pu(B)) = 0. But p(B) =0 due to lemma |10, m

However, we can construct a sequence of sets S, decreasing to a null set S but with
lim,, o p(.S,) > 0.

Let M be an upper bound of supp(As). If {\}ien is not uniformly bounded, 37 such
that {w € QAr(w) > M} # 0. Define

S =A{w € QApk(w) > M for k=1,...,n}.
It is obvious that S, D S,41. Also,

() S0 ={w € QN(w) > M, V¢t > T +1}.

neN

This intersection is obviously a null set since lim;_, o, Ay = Ao almost surely, and supp(As) <
M.

Following lemma is a key observation.

Lemma 13 lim,_, lim; o |, 5, AidP > 0.

Proof. First we note that

t—o00

lim [ M\dP = / A pndP = / Arndp®
Sn n A(S’ﬂ)

This is because Vt > T + n, we have E[\|S,| = E[Arin|Sh]-

Let ari, be a sequence of actions up to period 7'+ n. By definition,

Aren(psy) = DEBlarin) _ Pr(ari|B)
T Pr(Alazsn)  Pr(arialA)

11



Here the last equality uses the assumption of flat prior. Then

P nl B
[ vadt= ¥ PraralB) a(q,) = Pr(A(S,)|B).
A(S Pr(aT-i-n‘A)
(Sn) ar 1 n€A(Sy)

Here A : Q — RN is defined as A(w) = a(w), that is, A maps a sequence of realized private

signals and types w into the sequence of actions happens along w. Then

lim lim [ M\dP = lim Pr(A(S,)|B) > 0.
n—oo

n—o00 t—o0 S,
n

Here we conclude the limit is strictly positive because \; — oo with positive probability if
the true underlying state is B. =

Using lemma |13, we obtain our first theorem.

Theorem 14 If u € {\}ien - {Athten C ba(Q2), then p is not countably additive for the
reason that lim,, .. pu(S,) # 0. Hence {\ }ien is not uniformly integrable.

Proof. For any ¢ > 0, there exists subsequence t; such that

Therefore
lim p(S,) > lim lim A dP — € > 0.

n—00 n—00 k—00 S
n

By Dunford-Pettis theorem, {; }+en is not uniformly integrable. m
The following well-known truth establishes that )\, cannot converge to Ay in L' and in

mearll.

Theorem 15 Let {M,}en be a non-negative martingale, then My — My, a.s. The following

are equivalent:
o {M,;}ien is uniformly integrable.
o limy o [y |M; — Moo|dP = 0.
o lim; .o E[M,] = E[M.].

See Theorem 13.7 in [Williams| (1991)) for a proof.
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A Proof of Proposition

In this section, all notations possess the same meaning as in Proposition [3]

Lemma 16 3C > M such that lim,,_, f{beBHanC} | X|dv = 0 implies

Ve < C' — M, lim | X, |dv = 0.

=400 Jobe Bl| Xy — Xoo|>e}

Proof. Arbitrarily choosing an € < ¢, we have

lim | X |dv
=400 Jrpe B|| Xp—Xoo|>e}
~  fim | X, |dv +/ X, |d]
=400 Jibe Bl| Xy — Xoo|>e}N{bEB|| Xn|>C} {bEB|| X n—Xoo|>e}N{bEB|| X, |<C}
< lim | | Xnldv + Cv({b € B||X,, — Xw| > e} N {b € B||X,| < C})]
=100 Jhe B|| X, |>C}
= lim | X, |d.

=100 Jibe B||Xn|>C}

Here the last equation uses that X, converges to X, in probability. m

Lemma 17 If u € {X, }nen L { X, }nen, then VE € B, we have u(E) = fE Xoodv.

Proof. Arbitrarily choosing ¢ < C'— M and E € B, by lemma [§] there exists subsequence

ng such that
/ Xy, dv —e < u(E) < / Xy, dv + €.
E E
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We have

u(E) < /EXnde/—i—e

= / Xnde +/ Xnkdy +e
EN{beB||Xn, —Xoo|>¢} EN{beB|| Xn, —Xoo|<e}

/ Xy, dv + / Xoodv
EN{b€B||Xn) —Xoo|>e} ENn{beB|| Xn, —Xoo|<e}

+e(1+ U(E N {b € Bl Xn, — Xu| < €}))
X dv + / Xoodv
E

IN

IA

lim sup/
k—+oo JEN{beB||Xn; —Xoo|>€}

Xoodv + €(1 + v(E)))

— lim sup/
k—=+oo JEN{bEB||Xn, —Xoo|>€}

But

lim sup

/ Xy, dv
k—=+oo JEN{beB||Xn, —Xoo|>€}

IN

lim sup | X, dv|
k—+oo  J EN{beB||Xn, —Xoo|>€}

IA

lim sup | X, | dv

k—+o00 /E’ﬂ{b€B|Xnk—Xoo|>e}
0,

IN

and

lim sup Xoodv

k—+o00 /Em{beB|Xnk—Xoo|>e}
> —Mlimsupv(EN{be B||X,, — Xa| > €})

k—+o00

= 0.

Therefore, we have (E) < [, Xoodv + €(1 4 v(E)) for all 0 < € < 4. Similarly we can prove
that u(E) > [, Xeodv + €(1 4 v(E)) for all 0 < e <. Hence u(E) = [, Xodv,VE € B. ®

Using Dunford-Pettis theorem, lemma [17] implies that {X,, },en is uniformly integrable.
Then using Theorem 13.7 in Williams (1991)), we have X,, converges to X, in L.
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